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A method is introduced for the verification of nonclassicality in terms of moments of nonclassicality
quasiprobability distributions. The latter are easily obtained from experimental data and will be denoted as
nonclassicality moments. Their relation to normally ordered moments is derived, which enables us to verify
nonclassicality by using well established criteria. Alternatively, nonclassicality criteria are directly formulated in
terms of nonclassicality moments. The latter converge in proper limits to the usually used criteria, as is illustrated
for squeezing and sub-Poissonian photon statistics. Our theory also yields expectation values of any observable
in terms of nonclassicality moments.
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I. INTRODUCTION
The rapidly developing experimental techniques opened
new fields of research which make use of the basic principles
of quantum physics. Beyond the experimental demonstration
of quantum phenomena, nowadays new types of quantum tech-
nologies are aimed at being developed. In this context, there
arises a renewed interest in the characterization of the quantum
properties of light and matter. A clear characterization and
interpretation of quantum phenomena, including the quantum
interference effects, play a central role for beating the technical
limitations known in classical physics.
In the field of quantum optics the characterization of
quantum effects of light was based on the Glauber-Sudarshan
P representation of the density operator [1–3]
ρ =
∫
d2αP (α,α∗)|α〉〈α|. (1)
In this form, the density operator ρ of a single mode radiation
field is expressed as a formal pseudomixture of the coherent
states |α〉. The latter are those quantum states of the harmonic
oscillator which are closest to its classical behavior. Whenever
P (α,α∗) has the properties of a classical probability density,
the corresponding quantum state is a classical mixture of the
(in our terms classical) coherent states. Such quantum states
have been addressed as those having a classical analog [4].
Whenever P fails to be a probability density, in particular if it
has negativities, the quantum state is said to be a nonclassical
one [5]. Nonclassicality of this type is indispensable for the
occurrence of quantum interferences, which play the key role
for most of the presently considered applications of quantum
physics.
It is important to note that this traditional characterization
of nonclassical states is not limited to the consideration of
single-mode systems. The extension to multimode scenarios
is straightforward. It only requires us to replace the coherent
amplitude α by a vector, whose components αi (i = 1, . . . ,N)
describe an N -mode system. In such a description the non-
classicality also includes—as special cases—such important
phenomena like entanglement, for recent reviews we refer
to [6–8]. More generally, by introducing a P functional, one
may even characterize space-time dependent radiation field
correlation properties [9], which even include the dynamics of
the light-emitting radiation sources.
Despite the usefulness of the P function for describing
quantum phenomena, it has some severe deficiencies for
practical applications. Most importantly, it may not only attain
negative values, but in general it is a strongly singular distribu-
tion which is not accessible by the methods of quantum-state
reconstruction, for reviews see [10–12]. To overcome such
problems, the nonclassicality criteria have been reformulated
in terms of characteristic functions [13,14], for applica-
tions in experiments see [15–17]. In general, however, such
methods require us to analyze hierarchies of nonclassicality
conditions.
An alternative approach is the possibility of regularizing
the P function in some form [18,19]. On this basis, how-
ever, the characterization of nonclassical effects becomes a
complicated issue in general. For this purpose, recently a
regularization of the P function has been proposed, which
directly displays the nonclassicality as negativities of a
so-called nonclassicality quasiprobability (NQP) [20]. This
distribution can be experimentally determined in a simple
manner from the data recorded by balanced homodyning
[21]. Assuming the NQP has been determined by direct
sampling (for details see [22]) the general information about
the quantum state and its nonclassical effects is available in
principle. Nevertheless, the question arises how can one use
the NQP to calculate physical expectation values. This requires
knowledge of the relation between the moments of the NQP—
in the following denoted as nonclassicality moments—to other
moments, such as the normally ordered ones obtained from the
P function.
The aim of the present paper is to provide methods
for expressing general expectation values via NQPs and to
characterize quantum effects by nonclassicality moments.
In Sec. II we deal with the NQPs and their moments.
The relations between nonclassicality moments and normally
ordered moments is considered in Sec. III. Examples of non-
classical effects and particular expectation values are studied
in Sec. IV. A summary and some conclusions are given in
Sec. V.
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II. NONCLASSICALITY QUASIPROBABILITIES
AND MOMENTS
The characteristic function of the NQP is obtained by
multiplying the characteristic function of the P function by
a filter function w(ξ,ξ ∗),
(ξ,ξ ∗) = (ξ,ξ ∗)w(ξ,ξ ∗), (2)
where w is a real parameter controlling the width of the filter,
and w(ξ,ξ ∗) must satisfy certain conditions: w(ξ,ξ ∗)e|ξ |2/2
is square integrable; its Fourier transform is a positive-
semidefinite function [20]. Also, in order that relation (2) be
invertible, it is required that the filter has no zeros [23]. It is
assumed that w(0) = 1, and the dependence on w of the filter
is introduced as a scaling factor w(ξ,ξ ∗) = ( ξw , ξ
∗
w
) so that
limw→∞ w(ξ,ξ ∗) = 1. The advantage of using NQP, which
is denoted by the symbol P(α,α∗), to test nonclassicality is
that it is a regular function that can be directly obtained by
balanced homodyne detection, even via direct sampling [22].
Furthermore, it has been proved that for all nonclassical states
one may find a width w and a point α0 such that P(α0,α∗0 ) is
negative. However, for some nonclassical states a large value
of the width parameter w is required to observe the negativity
of NQP such that the inherent statistical uncertainties due to
experimental measurement may hide all nonclassical effects.
The aim of this paper is to provide a method for verifying
nonclassicality properties of quantum states based on using
the moments of the experimentally accessible NQP
M,nm =
∫
d2αP(α,α∗)α∗nαm, (3)
which are referred to as nonclassicality moments of a quantum
state. In order that the nonclassicality moments be well-
defined, in addition to the above-mentioned conditions, we
must require that the filter w(ξ,ζ ) be an entire function of
two complex variables ξ and ζ . We also may consider the
nonclassicality moments as the normally ordered moments of
an operator
ρ˜ =
∫
d2αP(α,α∗)|α〉〈α| (4)
so that
M,nm = 〈a†nam〉ρ˜ . (5)
If one observes nonclassical effects, such as photon antibunch-
ing [24], sub-Poissonian statistics [25], and squeezing [26],
in terms of nonclassicality moments, the NQP P(α,α∗) in
Eq. (4) must attain negative values, and hence the operator ρ˜
cannot be a classical state. Therefore, all moment criteria, such
as the nonnegativity of different matrices of moments [27–31],
can be applied to verify nonclassicality, instead of seeking
negativity in the NQP.
III. NONCLASSICALITY MOMENTS AND NORMALLY
ORDERED MOMENTS
In the following we derive a relation between the non-
classicality moments and the normally ordered moments of a
quantum state. This relation enables us to verify nonclassicality
based on normally ordered moments obtained from the
nonclassicality moments for a given value of the width w.
This is equivalent to calculating the moments for infinite w,
but does not require the reconstruction of the corresponding
quasiprobability. Also, by using this relation one can calculate
the expectation value of any observable in terms of the
nonclassicality moments. We show that in the limiting case
of large values of w the nonclassicality moments converge to
normally ordered ones.
A. Relation between nonclassicality and normally
ordered moments
The NQP is a representation of a quantum state and, in
principle, has all the information about the state; hence, if all
the nonclassicality moments exist, they uniquely determine
the quantum state. In this section we derive a relation
between nonclassicality and normally ordered moments by
which all known criteria for nonclassicality that are based on
normally ordered moments can be related to the nonclassicality
moments.
By using Eq. (3) and expressing P(α,α∗) in terms of its
Fourier transform, the nonclassicality moments are given by
M,nm =
∫
d2ξ(ξ,ξ ∗)w(ξ,ξ ∗)
∫
d2α
π2
eαξ
∗−ξα∗α∗nαm
=
∫
d2ξ(ξ,ξ ∗)w(ξ,ξ ∗)(−1)n ∂
n
∂ξn
∂m
∂ξ ∗m
δ2(ξ )
= (−1)m ∂
n
∂ξn
∂m
∂ξ ∗m
(ξ,ξ ∗)w(ξ,ξ ∗)
∣∣∣∣
ξ=0
. (6)
By applying the relations
dn
dxn
f (x)g(x) =
n∑
j=0
(
n
j
)
dn−j
dxn−j
f (x) d
j
dxj
g(x) (7)
and
〈a†nam〉 =
∫
d2αP (α,α∗)α∗nαm
= (−1)m ∂
n
∂ξn
∂m
∂ξ ∗m
(ξ,ξ ∗)
∣∣∣∣
ξ=0
(8)
we express the nonclassicality moments in terms of the
normally ordered ones,
M,nm =
n∑
j=0
m∑
k=0
(−1)kCj,k
(
n
j
)(
m
k
)
〈a†n−j am−k〉, (9)
with
Cj,k = ∂
j
∂ξ j
∂k
∂ξ ∗k
w(ξ,ξ ∗)
∣∣∣∣
ξ=0
. (10)
Note that, similarly, one can express the normally ordered
moments in terms of the nonclassicality moments
〈a†nam〉 =
n∑
j=0
m∑
k=0
(−1)k ¯Cj,k
(
n
j
)(
m
k
)
M,n−j,m−k, (11)
with
¯Cj,k = ∂
j
∂ξ j
∂k
∂ξ ∗k
w(ξ,ξ ∗)−1
∣∣∣∣
ξ=0
. (12)
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Therefore, according to Eqs. (9) and (11), by calculating
the coefficients Cj,k and ¯Cj,k , nonclassicality moments and
normally ordered moments can be expressed in terms of each
other.
The filter function, which was used in Ref. [20], is the
autocorrelation of exp(−|ξ |4),

(
ξ
w
,
ξ ∗
w
)
= 1
N
∫
d2βe−|β|
4
e−|
ξ
w
+β|4 , (13)
where N = ∫ d2βe−2|β|4 . We use this filter function to obtain
the coefficients in the moments relations (9) and (11). For this
purpose, we apply Eq. (10) for the nonclassicality filter. By
changing the variable u = ξ/w, and using
∂n
∂ξn
= 1
wn
∂n
∂un
, (14)
Eq. (10) becomes
Cj,k =
C ′j,k
wj+k
, (15)
with
C ′j,k =
∂j
∂uj
∂k
∂u∗k
(u,u∗)
∣∣∣∣
u=0
. (16)
For the filter function (13) we have
C ′j,k =
2
√
2
π
√
π
∫
d2βe−|β|
4 ∂j
∂uj
∂k
∂u∗k
e−|u+β|
4
∣∣∣∣
u=0
= 2
√
2
π
√
π
∫
d2βe−|β|
4
∞∑
s=0
(−1)s(2s!)2
s!(2s − j )!(2s − k)!
×β2s−j β∗2s−k. (17)
Integration in polar coordinates β = reiθ yields
C ′j,k =
2
√
2
π
√
π
∞∑
s=0
(−1)s(2s!)2
s!(2s − j )!(2s − k)!
∫ ∞
0
rdre−r
4
r4s−j−k
×
∫ 2π
0
dθeiθ(k−j )
=
√
2√
π
δj,k
∞∑
s=0
(−1)s(2s!)2(s − j2 − 12)!
s![(2s − j )!]2 . (18)
This expression can be further simplified as
C ′j,k = δj,k
√
2π22j 4 ˜F3
(
1
2
,
1
2
,1,1; 1 − j
2
,1 − j
2
,
1 − j
2
; −1
)
,
(19)
with
4 ˜F3(a1,a2,a3,a4; b1,b2,b3; z) = 1
(b1)(b2)(b3)
×
∞∑
n=0
(a1)n(a2)n(a3)n(a4)n
(b1)n(b2)n(b3)n
zn
n!
(20)
being the regularized hypergeometric function, (x)n := (x +
n)/(x) is the Pochhammer symbol, and (·) is the  function
[32].
Using Eq. (19), the nonclassicality moments can be ex-
pressed in terms of the normally ordered moments as
M,nm =
min(m,n)∑
j=0
(−1)j 〈a†n−j am−j 〉
(
n
j
)(
m
j
)√
2π22j
w2j
× 4 ˜F3
(
1
2
,
1
2
,1,1; 1 − j
2
,1 − j
2
,
1 − j
2
; −1
)
. (21)
Conversely, the normally ordered moments can be found in
terms of the nonclassicality moments by using Eq. (11).
Alternatively, based on Eq. (21) we obtain a set of linear
equations which relate the two types of moments to each other.
The solution of these equations also yields the sought inverse
relation for the normally ordered moments. For example, from
Eq. (21) we readily obtain
〈a†n〉 = M,n0, 〈am〉 = M,0m, (22)
〈a†a〉 = M,11 −
√
2
π
1
w2
, (23)
and
〈a†2a2〉 = M,22 −
√
2
π
4
w2
M,11 +
(
8
π
− 7
4
)
1
w4
. (24)
These relations will be used in the following for expressing
nonclassicality criteria in terms of nonclassicality moments.
By expressing the normally ordered moments of a quantum
state in terms of the nonclassicality moments, one may
calculate the expectation value of any observable B, given
in the form
B =
∞∑
n,m=0
bnma
†nam. (25)
Applying Eq. (11), the expectation value of the observable
reads as
Tr[ρB] =
∞∑
n,m=0
bnm〈a†nam〉
=
∞∑
n,m=0
bnm
n∑
j=0
m∑
k=0
(−1)k ¯Cj,k
(
n
j
)
×
(
m
k
)
M,n−j,m−k. (26)
The nonclassicality moments occurring in this expression are
easily obtained, provided that the NQP has been experimen-
tally determined through direct sampling. If one would express
the observables in terms of normally ordered moments, as in
the first line of Eq. (26), the latter must be obtained by methods
of state reconstruction [33,34] or by homodyne correlation
measurements [35].
B. Convergence of nonclassicality moments
An interesting feature of Eq. (21) is that for large values of
the width parameter w the moments of the NQP converge to
the normally ordered moments. For w 	 1 and n,m 
= 0, and
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using (5), we have
|〈a†nam〉ρ˜ − 〈a†nam〉ρ | = O
(
1
w2
)
. (27)
Therefore, for sufficiently large values of w the normally
ordered moments of ρ˜ can be considered as a good approxi-
mation of those of the original quantum state ρ.
Moreover, Eq. (27) implies that for any observable operator
B we have
|Tr[ρB] − Tr[ρ˜B]| =
∣∣∣∣∣
∞∑
n,m=1
bnm(〈a†nam〉ρ˜ − 〈a†nam〉ρ)
∣∣∣∣∣

∞∑
n,m=1
|bnm(〈a†nam〉ρ˜ − 〈a†nam〉ρ)|
= O
(
1
w2
)
. (28)
Therefore, the expectation value of the observable B can be
approximated with arbitrary degree of accuracy by Tr[ρ˜B],
provided that one may choose a sufficiently large value of w.
In practice, however, this possibility is limited by the statistical
noise in the available set of experimental data.
IV. NONCLASSICAL EFFECTS IN TERMS
OF NONCLASSICALITY MOMENTS
It is known that the function P(α,α∗) can be obtained
from balanced homodyne detection and quantum state recon-
struction [21,22]. Therefore, one can obtain the moments of
P(α,α∗) from experimental data. Since P(α,α∗) has been
designed for the verification of nonclassicality, we may look
for nonclassical effects in the corresponding nonclassicality
moments.
As examples of nonclassical effects, in the following we
consider sub-Poissonian photon statistics and squeezing. We
show that for sufficiently large values of w the Mandel Q
parameter and the quadrature variance in terms of the non-
classicality moments exhibit the corresponding nonclassical
effects. Alternatively, by using the derived relation between the
nonclassicality moments and the normally ordered moments,
one can verify the nonclassical effects in terms of the normally
ordered moments obtained from the nonclassicality moments
for a given value of w.
A. Sub-Poissonian statistics
Let us start to examine nonclassical effects of a single-
photon added thermal state (SPATS) [27]. The NQP of a SPATS
has been reconstructed to verify its nonclassical behavior [21].
Since these states are diagonal in the Fock basis, we look at the
moments of the photon number. Using Eq. (21) and inserting
the moments for SPATS explicitly, we find
M,11 = 2n¯ + 1 +
√
2
π
1
w2
, (29)
M,22 = 6n¯2 + 4n¯ +
√
2
π
4
w2
(2n¯ + 1) + 7
4w4
, (30)
where n¯ denotes the mean thermal photon number of the
SPATS under study. With these moments, we can introduce
2 3 4 5
w
0.5
0.5
1.0
1.5
Q
n 0.0
n 0.2
n 0.4
n 0.6
n 0.8
FIG. 1. (Color online) Dependence of the Q parameter on the
filter width.
the Mandel Q parameter [36] of the operator ρ˜ defined in
Eq. (4),
Q =
M,22 − M2,11
M,11
. (31)
If this quantity is negative, then we can conclude negativities
in the nonclassicality quasiprobability P(α,α∗). Due to the
properties of the nonclassicality filters, the original state ρ
must be nonclassical as well. For ρ˜ we find
Q = 7π − 8 + 8(2n¯ + 1)
√
2πw2 + π (8n¯2 − 4)w4
4w2(√2π + (2n¯ + 1)πw2) .
(32)
In the limit w → ∞ we obtain the Q parameter of the original
(unfiltered) SPATS,
Q ≡ lim
w→∞Q =
2n¯2 − 1
2n¯ + 1 , (33)
which has also been considered in Ref. [27]. Therefore, we may
expect negative values of the original Q parameter if the mean
thermal photon number satisfies the condition n¯ <
√
2/2.
Figure 1 shows the dependence of Q on the filter width
w for different mean thermal photon numbers n¯. The larger
the filter width, the larger the negativity of Q becomes.
Moreover, increasing the mean thermal photon number leads
to decreasing negativities in Q. For n¯ = 0.8, nonclassical
effects cannot be seen by means of Q, as it is expected from
Eq. (33).
Furthermore, we can look for the minimum filter width
w0 for which negativities of Q appear. The blue shaded
area in Fig. 2 indicates the possible filter widths w for
which Q is negative. The blue boundary is the set of w
for which the negativities of the Mandel Q parameter vanish.
We observe that a larger filter width is required in order to
detect nonclassicality when the mean thermal photon number
is increasing.
As discussed above, it may happen that it is not possible
to detect negativities in P(α,α∗) for an accessible range of
the width w. However, one could reconstruct the moments
for a lower filter width w and invert Eq. (21) in order to
estimate the normally ordered moments. For instance, one
may use the first and second normally ordered moments of the
photon number [Eqs. (23) and (24)], which are required for the
Mandel Q parameter. Thus one can estimate the Q parameter
from measured moments of ρ˜. In this manner, one may detect
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FIG. 2. (Color online) The blue area shows filter widths w which
uncover a negative Q parameter for different mean thermal photon
numbers.
nonclassicality of states for which a large filter width of the
nonclassicality filter would be required. For example, from
Fig. 1 it is seen that the Q parameter is positive for w < 3.5
and n¯ = 0.6, while the standard Q parameter turns out to be
negative.
B. Squeezing
In order to detect the squeezing effect based on the
nonclassicality moments using Eq. (23), we obtain
〈x2〉ρ˜ = 〈x2〉ρ + 2
√
2
π
1
w2
. (34)
Thus, for any amount of squeezing when
〈x2〉ρ < 1, (35)
one can choose sufficiently large values of the width w such
that the variance of the quadrature operators of ρ˜ exhibit
squeezing. In Fig. 3 we show the minimum required filter width
w for observing squeezing for the filtered quasiprobability. The
larger the squeezing effect, the less is the minimum width. We
note that even for infinite squeezing, 〈x2〉ρ = 0, a finite width
w is needed to observe the desired effect.
Alternatively, the squeezing effect can be verified by
calculating the quadrature variance from (34). One only
has to invert the equation, which can be trivially done.
This immediately yields the squeezing condition in terms of
nonclassicality moments as
〈x2〉ρ˜ < 1 + 2
√
2
π
1
w2
. (36)
0.2 0.4 0.6 0.8 1.0 x
2
Ρ
1
2
3
4
5
w
FIG. 3. (Color online) The blue area shows filter widths w which
uncover the squeezing of the filtered quadrature variance 〈x2〉ρ˜ , in
dependence of the standard quadrature variance 〈x2〉ρ .
If the operator ρ˜ does not show squeezing, 〈x2〉ρ˜  1,
the original quantum state ρ can still be squeezed, so that
〈x2〉ρ < 1 is possible. The experimental statistical uncer-
tainty does not change during the inversion of the moments,
therefore one may see significant effects after this procedure.
For Eq. (34) this is trivial, but it may also work for more
complicated functions of moments, such as the Mandel Q
parameter discussed above. Therefore, it might sometimes be
useful to calculate normally or standard ordered moments from
the measured nonclassicality moments.
C. Arbitrary observables
Let us shortly comment on the expectation value of an
arbitrary observable. Equations (25) and (26) provide the
possibility of calculating any expectation value in terms
of nonclassicality moments. Therefore, the knowledge of
these moments enables one to obtain well-known physical
quantities. For instance, the mean energy of the harmonic
oscillator is given by
〈 ˆH 〉 = h¯ω
(
〈aˆ†aˆ〉 + 1
2
)
= h¯ω
(
M,11 −
√
2
π
1
w2
+ 1
2
)
,
(37)
where we used Eq. (23) for the moment 〈aˆ†aˆ〉. With the
help of Eq. (24), a similar, but more lengthy expression
can be obtained for the variance of the energy 〈( ˆH )2〉. By
application of Eq. (26), one can find arbitrary expressions for
other observables in terms of the accessible nonclassicality
moments M,nm.
V. SUMMARY AND CONCLUSIONS
We have introduced a method for the verification of nonclas-
sicality of quantum states in terms of the moments of nonclassi-
cality quasiprobabilities. The latter are regularized versions of
the Glauber-Sudarshan P function, they display nonclassical
effects in terms of negativities of regular functions. Beside
the direct visibility of quantum effects as negativities, a
strong point is that the nonclassicality quasiprobabilities are
available from experimental data by direct sampling. Given
the quasiprobabilities, the quantum state of the system is
fully characterized and it is straightforward to derive the
corresponding moments, called the nonclassicality moments.
It has been demonstrated that all nonclassicality criteria
based on normally ordered moments can also be reformulated
in terms of nonclassicality moments. Hence, one can directly
formulate the known nonclassicality conditions by replacing
therein the normally ordered moments by the nonclassicality
moments. Furthermore, we have derived the relations between
the normally ordered moments and the nonclassicality mo-
ments. On this basis, one can readily obtain the normally
ordered moments and test the given quantum state based on
the standard criteria, without the need to reconstruct normally
ordered moments from the P function. The relations between
the moments also enable one to calculate the expectation
values of any observable in terms of the nonclassicality
moments, and hence directly from the experimentally ac-
cessible nonclassicality quasiprobabilities. Finally, we have
shown that for infinite filter width the nonclassicality moments
043827-5
SALEH RAHIMI-KESHARI, THOMAS KIESEL, AND WERNER VOGEL PHYSICAL REVIEW A 85, 043827 (2012)
converge to the normally ordered ones. For large values of the
width the nonclassicality moments can be regarded as good
approximation of the normally ordered moments.
The two possibilities for observing nonclassical effects
have been illustrated for elementary examples. To analyze
sub-Poissonian photon statistics, we have studied both the
original Mandel Q parameter and its counterpart formulated
in terms of nonclassicality moments. Both approaches have
been applied to a single-photon added thermal state. The
possibilities of identifying quadrature squeezing have also
been analyzed by using the two kinds of moments. Based on
the derived relations between the two types of moments, the
nonclassicality quasiprobability becomes a very general and
powerful tool since it is easily obtained in experiments and
one may get very general insight into the physical properties
of the quantum state under study.
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